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a b s t r a c t
The Hausdorff distance, the Gromov–Hausdorff, the Fréchet and the natural pseudo-
distance are instances of dissimilarity measures widely used in shape comparison. We
show that they share the property of being defined as infρ F(ρ) where F is a suitable
functional and ρ varies in a set of correspondences containing the set of homeomorphisms.
Our main result states that the set of homeomorphisms cannot be enlarged to a metric
space K , in such a way that the composition in K (extending the composition of
homeomorphisms) passes to the limit and, at the same time,K is compact.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Shape correspondences have been traditionally studied in the computer vision and image analysis communities to deal
with a variety of problems, as reported in [1]. In particular, the literature about shape comparison often reports distances
or pseudo-distances whose definitions are based on considering sets of correspondences between topological spaces X and
Y , where a correspondence is defined as a surjective relation ρ ⊆ X × Y such that ρ−1 is also surjective [2]. In plain words,
each correspondence describes a (perceptive) matching between the points of X and the points of Y .
As a classical example, the Hausdorff distance dH(X, Y ) between two non-empty compact sets X and Y of a metric space
(S, dS) is defined as the value infρ∈C sup(x,y)∈ρ dS(x, y), whereC denotes the set of all correspondences between X and Y [2].
The Gromov–Hausdorff pseudo-distance [3,4] and the Fréchet pseudo-distance [5] represent two other well-known examples
where a similar procedure is applied. Sometimes (as in the case of the Fréchet pseudo-distance) just a proper subset of the
set of all correspondences is considered.
All these examples share the property of being defined as infρ F(ρ), where F is a suitable functional taking each
correspondence ρ to a value that measures how much ‘‘ρ behaves as an identity’’ from the point of view of our shape
comparison. In the case of the Hausdorff distance between compact sets, F(ρ) equals the value sup(x,y)∈ρ dS(x, y), which
vanishes if and only if X = Y and ρ is the identity correspondence.
In Persistent Topology the same procedure leads to the concept of natural pseudo-distance, considering only
correspondences that are also homeomorphisms. When two closed C0 manifolds X, Y endowed with two continuous
functions ϕ : X → R, ψ : Y → R are considered together with the set Hom(X, Y ) of all homeomorphisms between
X and Y , this extended pseudo-distance is defined to be either the value infh∈Hom(X,Y )maxx∈X |ϕ(x) − ψ(h(x))|, or +∞,
depending on whether X and Y are homeomorphic or not [6–9].
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Weobserve that the sets of correspondences considered in our examples include all homeomorphisms, which are always
assumed to be legitimate transformations.
Unfortunately, in all the previous examples at least one of the following problems generally occurs: (1) the composition
of correspondences does not pass to the limit; (2) the infimum of the functional F is not a minimum.
The possibility of composing two correspondences plays an important role in many situations. For example, in [10], the
basic premise to establish meaningful correspondences between shapes is that each object of interest (shape) is obtained
from a representative element (template) through the composition of suitable domain deformations. In [11], the interest is
in transformations acting on shapes that, with the function composition operator, form a group.
Moreover, it is important to require that the composition of correspondences passes to the limit. Indeed, as argued in [11],
in real applications, there is a need for approximate correspondences. Thus, if the composition of correspondences does
not pass to the limit, then the composition of two approximations cannot be used to approximate the composition of two
correspondences.
Consequently, a natural goal would be to guarantee that our functional F attains a minimum by extending the metric
space of the homeomorphisms between any two topological spaces X and Y to a compact metric space whose elements
are (possibly but not necessarily) correspondences, endowed with a composition that extends the usual composition of
homeomorphisms and passes to the limit.
The purpose of this paper is to prove that this goal cannot be reached even in the case X = Y , under verymild hypotheses.
Main Result: The metric space of homeomorphisms between two spaces cannot be enlarged into a compact metric space
endowed with a composition map that extends the composition of homeomorphisms and passes to the limit.
This fact suggests the existence of obstacles in treating, exclusively in terms of correspondences, the distances defined
as infρ F(ρ).
2. General setting
Let us denote by C any small category (i.e. any category C such that both Obj(C) andMor(C) are sets) having the following
properties:
1. its objects are topological spaces;
2. each (possibly empty) set of morphismsMor(X, Y ) between two objects X and Y is a subset of the set of correspondences
from X onto Y , containing all the possible homeomorphisms from X onto Y ;
3. if ρ ∈ Mor(X, Y ) then ρ−1 = {(y, x) ∈ Y × X : (x, y) ∈ ρ} ∈ Mor(Y , X).
Here and in what follows, we identify each map h : X → Y with its graph Γ (h) = {(x, y) ∈ X × Y : y = h(x)}.
Varying (X, Y ) in the set Obj(C) × Obj(C), let us consider a family of functionals F(X,Y ) : Mor(X, Y ) → R satisfying the
following properties:
1. for every ρ ∈ Mor(X, Y ), F(X,Y )(ρ) ≥ 0;
2. if idX is the identity morphism on X , then F(X,X)(idX ) = 0;
3. for every ρ ∈ Mor(X, Y ), F(X,Y )(ρ) = F(Y ,X)(ρ−1);
4. if ρ ∈ Mor(X, Y ) and σ ∈ Mor(Y , Z), F(X,Z)(σ ◦ ρ) ≤ F(X,Y )(ρ)+ F(Y ,Z)(σ ).
The family of functionals F(X,Y ) allows us to define an extended pseudo-distance on Obj(C) (we omit the trivial proof).
The term extendedmeans that the pseudo-distance can take the value+∞. Obviously, passing to the quotient, any pseudo-
distance becomes a distance (i.e. also the axiom d(X, Y ) = 0 H⇒ X = Y is satisfied).
Proposition 2.1. The function
δ(X, Y ) =

inf
ρ∈Mor(X,Y )
F(X,Y )(ρ) if Mor(X, Y ) ≠ ∅,
+∞ if Mor(X, Y ) = ∅
is an extended pseudo-distance on Obj(C).
The previous setting allows us to obtain the pseudo-distances we have recalled at the beginning of the introduction, as
particular cases.
Hausdorff distance. C is the category whose objects are the non-empty compact subsets of a metric space (S, dS). The
morphisms are all correspondences between any two objects. We set F(X,Y )(ρ) = sup(x,y)∈ρ dS(x, y), for every pair (X, Y ) ∈
Obj(C)× Obj(C) and every ρ ∈ Mor(X, Y ).
Gromov–Hausdorff pseudo-distance. C is a category whose objects belong to a set of non-empty compact metric spaces. The
morphisms are given by all correspondences between objects. For every (X, Y ) ∈ Obj(C) × Obj(C) and ρ ∈ Mor(X, Y ), we
set F(X,Y )(ρ) = inf(Z,dZ),f ,g sup(x,y)∈ρ dZ(f (x), g(y)), where (Z, dZ) ranges over all metric spaces, and f and g range over all
possible isometric embeddings of X and Y into Z, respectively.
Fréchet pseudo-distance. C is the category whose objects are all the curves γ : [0, 1] → Rn (seen as subsets of [0, 1] × Rn
endowedwith the product topology). Themorphisms between two curves γ1, γ2 are given by the correspondences ρ whose
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elements can be written as (γ1(α(t)), γ2(β(t))), where t ∈ [0, 1] and α, β : [0, 1] → [0, 1] are two non-decreasing and
surjective continuous functions. Finally, we set F(X,Y )(ρ) = sup(x,y)∈ρ ‖x− y‖.
Natural pseudo-distance. C is the category whose objects are all the continuous functions ϕ : X → R, where X ranges
over all closed C0n-manifolds. They are seen as subsets of X × R, endowed with the product topology. The morphisms
between two functions ϕ : X → R, ψ : Y → R are given by the homeomorphisms h from X onto Y . Finally, we set
F(X,Y )(h) = maxx∈X |ϕ(x)− ψ(h(x))|.
3. Main result
The core of this paper is the following result stating that we cannot enlarge the set of homeomorphisms to a largermetric
spaceK , in such a way that the composition inK (extending the composition of homeomorphisms) passes to the limit and,
at the same time, K is compact. The passage to the limit of the composition is important in applications because of the
need for computational approximations. Hence any sensible way to extend the set of homeomorphisms to a larger compact
metric space should make use of a composition that passes to the limit. Our result states that there is no way to do this.
Theorem 3.1. Let X be a topological space containing a subset U that is homeomorphic to an n-dimensional open ball for some
n ≥ 1. Let us consider the set H of all homeomorphisms from X onto X, endowed with a metric dH that is compatible with the
topology of X in the sense of the following property: if a sequence (hi) inH converges to the identical homeomorphism idX ∈ H
with respect to dH , then (hi) pointwise converges to idX with respect to the topology of X (i.e., limi→∞ hi(x) = x for every x ∈ X).
Then no compact metric space (K, dK) exists, endowed with an internal composition • : K ×K → K such that:
1. K ⊇ H ;
2. dK extends dH (i.e. if f , g ∈ H then dK(f , g) = dH (f , g));
3. the binary operation • extends the usual composition of homeomorphisms (i.e., if f , g ∈ H then f • g = f ◦ g);
4. the composition • commutes with the passage to the limit (i.e. if the sequences (ρi) and (σi) converge in K , then
limi→∞ (ρi • σi) exists and equals (limi→∞ ρi) • (limi→∞ σi)).
Proof. Let us prove our result by contradiction, assuming that such a metric space (K, dK) exists. For every
homeomorphism f ∈ H and any natural number i > 1, let f i denote the composition of f with itself i times (with f 1 = f ),
and let us set g = f −1. SinceK is compact, a strictly increasing sequence of positive integers (ir) exists such that both the
limits, with respect to dK , limr→∞ f ir and limr→∞ g ir exist.
On one hand, if in the metric space (K, dK)we consider the constant sequence

f ir ◦ g ir  = (idX ), from Properties 3 and
4 it follows that
idX = lim
r→∞

f ir ◦ g ir  = lim
r→∞

f ir • g ir  =  lim
r→∞ f
ir

•

lim
r→∞ g
ir

=

lim
r→∞ f
ir+1

•

lim
r→∞ g
ir

= lim
r→∞

f ir+1 • g ir  = lim
r→∞

f ir+1 ◦ g ir  .
Therefore, recalling Properties 1 and 2, we have that the sequence of homeomorphisms

f ir+1 ◦ g ir  = f ir+1−ir 
converges to the identical homeomorphism, with respect to both dH and dK . We observe that each index ir+1− ir is strictly
positive.
In other words, we have proved that for every homeomorphism f from X onto X , a sequence of positive integers (mr)
exists, such that (f mr ) converges to the identical homeomorphism with respect to dH .
In order to obtain a contradiction, it is sufficient to construct a homeomorphism h that cannot verify the previous
property. We can do that by considering a homeomorphism h˜ : U → Bn = {x ∈ Rn : ‖x‖ ≤ 1}, and constructing a
homeomorphism h ∈ H that takes the set h˜−1 {x ∈ Rn : ‖x‖ ≤ 12 } into the set h˜−1 {x ∈ Rn : ‖x‖ ≤ 14 }. It is immediate
to check that no sequence of non-trivial positive powers of h can pointwise converge to the identical homeomorphism.
Therefore, no such sequence can converge to the identical homeomorphism with respect to dH . 
Remark 3.2. The assumption that X contains a subsetU that is homeomorphic to an n-dimensional open ball for some n ≥ 1
cannot be omitted. Indeed, topological spaces for which the only automorphism of X is the identity map exist. In that case
(H, dH ) is obviously compact. A classical reference for these spaces (called rigid topological spaces) is [12].
Remark 3.3. An important class of topological spaces forwhich our theoremholds is given by the triangulable spaces (i.e. the
bodies of simplicial complexes) of dimension larger than or equal to 1.
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